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Approximation to the domain of asymptotic stability (white) and its boundary (bold lines) for the dissipatively perturbed gyroscopic

system (1) when: TrD > 0 and detD < 0 (a); detD = 0 (b); detD > 0 (c).
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Figure 6. Subcritical flutter instability due to combined action of dissipative and non-conservative positional forces.

When the radicand in formulas (28) and (29) is real, the
eigenvalues move in the complex plane making an
excursion to its right side, as shown in Fig. 6(b). As it
follows from (28), in presence of non-conservative
positional forces such excursions behind the stability
boundary are possible for the eigenvalues, even when
dissipation is full: det D > O. One can say that similarly
to the indefinite damping the non-conservative positional
forces activate the latent sources of flutter instability
created by the full dissipation.

The equation (28) describes the surface in the space of
the parameters 5, v, and 0, which is an
approximation to the stability boundary separating the
domains of asymptotic stability and flutter. For better
understanding its shape we rewrite (28) in the form

52 detD +402

(30) v =±5pTrD 52(TrD)2 +1602 .

If det D ~ 0 and 0 is fixed, (30) is an equation of two
independent curves in the plane (5,v). The curves
intersect with each other at the origin along the straight
lines given by the expression v = ±,BTrD5/2 .

However, in case when damping is indefinite and
det D < 0 , the radical in the formula (30) is real only for

52 < -402/ det D . Then, (30) describes two branches
of a closed loop in the plane of the parameters 5 and
v. The loop is smooth at every point except at the
origin, where it is self-intersecting with the tangents
given by the expression v = ±pTrD5/ 2. Therefore,

for a given 0 this curve looks like figure "8". When 0
goes to ze,\o, the size of the self-intersecting curve tends
to zero too. We conclude that in case det D < 0 the
shape of the surface given by equation (28) or (30) is a
cone with the "8"-shaped loop in a cross-section, see
Fig. 7(a). Due to self-intersections the cone consists of
four pockets. The asymptotic stability domain is inside
the two of them, selected by the first inequality (23), as
shown in Fig: 7(a). The singularity of the stability domain
at the origin is the degeneration of a more general
configuration described first in [45]. The domain of
asymptotic stability bifurcates when det D changes
from negative to positive values. This process is shown
in Fig. 7. According to (38) with increasing detD < 0
two pockets of the domain of asymptotic stability move
towards each other until they have a common tangent
line v =0 at detD = 0, see Fig. 7(b).
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Figure 7.

Domains of asymptotic stability in the space (5, v, 0) for different types of damping: Indefinite damping det D < 0 (a); semi-definite

(pervasive) damping detD = 0 (b); full dissipation detD > 0 (c).

When det D > 0 this temporarily glued configuration
unfolds to the unique domain of asymptotic stability
bounded by the two surfaces intersecting along the 0­
axis, see Fig. 7(c).

In Fig. 7(a) we see that in case of indefinite damping
there always exists an instability gap due to the
singularity at the origin. Starting in the flutter domain at
o = 0 for any combination of the parameters 5 and v
one can reach the domain of asymptotic stability at
higher values of I0 I (gyroscopic stabilization), as
shown in Fig. 7(a) by the dashed line. The gap is
responsible for the subcritical flutter instability localized
in the vicinity of the node of the spectral mesh of the
unperturbed gyroscopic system. When det D = 0, the
gap vanishes in the direction v = O. In case of full
dissipation (det D > 0) the singularity at the origin
unfolds. However, the memory about it is preserved in
the two instability gaps located in the folds of the stability
boundary with the locally strong curvature, Fig. 7(c). We
see that in case of full dissipation for some combinations
of the parameters 5 and v the system is asymptotically
stable at any O. There exist, however, the values of 5
and v for which one can penetrate the fold of the
stability boundary with the change of 0, as shown in
Fig. 7(c) by the dashed line. For such 5 and v the
flutter instability is localized in the vicinity of 0 = O. It is
remarkable that in presence of non-conservative
positional forces the system with full dissipation can
suffer from the subcritical flutter localized near the nodes
of the spectral mesh. A good illustration of this fact is the
formula for the maximal real part of the unstable
eigenvalue attained at Q =0 (see Fig. 6(a»

(31) (Re/L)max = fll + fl2 £5 +
4

From our previous considerations it follows that the
phenomenon of the local subcritical flutter instability is
controlled by the eigenvalues of the matrix D. When
both of them are positive, the folds of the stability
boundary are more pronounced if one of the eigenvalues
is close to zero. If one of the eigenvalues is negative and
the other is positive, the local subcritical flutter instability

I,
is possible for any combination of 5 and v including
the case when the non-conservative positional forces
are absent (v =0).

Even if the structure of the damping matrix D is
unknown, we realize that the main role of dissipation of
any kind is the creation of the bubble of instability. The
bubble is submerged below the surface Re /L =0 in the
space (0, Im/L, Re /L) in case of full dissipation and

partially lies in the domain Re /L > 0 when damping is
indefinite. Non-conservative positional forces split the
bubble of instability into two branches and shift one of
them to the region of positive real parts even in case.of
full dissipation. Since the branch remembers the
existence of the bubble, the instability is developing
locally near the nodes of the spectral mesh.

. Therefore, the instability mechanism behind the squeal
is the emersion (or activation) due to indefinite damping
and non-ccmservative positional forces of the bubbles of
instability created by the full dissipation in the vicinity of
the nodes of the spectral mesh.

EXAMPLE. A ROTATING CIRCULAR STRING
CONSTRAINED BY A STATIONARY LOAD SYSTEM

Consider a rotating circular string of displacement
W(rp, r), constrained at rp = 0 by a spring, a damper,
and a massless eyelet [13]. The eyelet generates a
constant frictional follower force F [13, 16] on the
string, as shown in Fig. 8. The parameters rand pare
the radius and mass per unit length of the string.



w

r-'-p--;---rw'--"l-
J------ !!!(~t__,
1 .1 ."~ I

Figure 8.
A rotating circular string and its 'keyboard' constituted by the nodes of the spectral mesh (only 30 modes are shown).

The following assumptions are adopted in developing
the governing equation of the problem: the
circumferential tension P in the string is constant; the
stiffness of the spring supporting the string is K and the
damping coefficient of the viscous damper is D; the
velocity of the string in the tp direction has constant
value yr, where the rotational speed of the string is y
[13]. Introducing non-dimensional variables and
parameters

T~
(32) t =-; p'

k=Kr
p'

w=~, o=pH,

F D
Jl= p' d= -JpP'

u(O) - u(2Jr) =0,

(36) Ad +k
u'(O) -u'(2Jr) = Z u(O) + Jl? u'(O),

1-0 1-0-

where prime denotes partial differentiation with respect
to tp. The non-self-adjoint boundary eigenvalue problem

depends on four parameters 0, d, k, and ( Jl,
expressing the speed of rotation, and damping, stiffness,
and friction coefficients of the eyelet, respectively.

Taking the scalar product (Lu, v) = f: K

vLudtp, where

the bar over a symbol denotes complex conjugate, then
integrating it by parts and employing the boundary
conditions (36) we arrive at the boundary value problem
adjoint to (35) and (36)

we arrive at the non-dimensional governing equation
and boundary conditions [13]: (37) L*v =XZv- 20Xv' - (1-0z)v" =0,

w(O,t) - w(2Jr,t) =0,

(34) (1-0z)[wqJ(2Jr,t) - WqJ(O,t)]

+ kw(O,t) + dwtC0,t) + JlW<p(O,t) = 0.

The boundary conditions (34) reflect the continuity of the
string displacement and the discontinuity of its slope.
They follow from the force balance at the eyelet in the
assumption of smallness of the norm of wand w(tp)
with respect to r. The inclusion in Fig. 8 shows the
mutual configuration of the vectors of the frictional
follower force F and of the circumferential tension P .

Separation of time w(tp, t) =u(tp, t)exp(A, t) yields the
boundary eigenvalue problem

(35) Lu =AZ+ 20Au' - (1- OZ )u" =0,

v(O) -v(2Jr) =-~v(2Jr),
1-0-

(38) _

v'(O) -v'(2Jr) == Ad + ~ v(2Jr) + 20~? v(2Jr).
1-0- (l-o-t

./

Let us first consider the string without constraints
(d =k =Jl =0). Then, the system is gyroscopic so
that the eigenfunctions of the adjoint boundary value
problems corresponding to a purely imaginary
eigenvalue A coincide, i.e. v == u. Assuming the
solution of the equation (35) in the form
u = C1 exp(tpA/(1-0)) + Cz exp(-tpA/(1 + 0)) and
substituting it into the boundary conditions (36) we
obtain the characteristic equation
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(39) /t, sm sm =°
i(1-0) i(I+0) OZ-1



The coefficients In: are defined by

(
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4 - Jnm +~mn Vnm +~mn •

The roots of the equation (39) are

(40) }.,~ = in(1 ± 0),

where n is an integ~r. They are the eigenvalues of the
problem (35), (36) with the eigenfunctions

(41) u: = cos(ntp) +isin(ntp),

(45)

r"" rOO
A = A&O _ J nn + J mOl

nm 2

J=&& J=OO
':1nn + ':7mm

2

respectively. The eigenvalues are purely imaginary and
form a mesh of lines intersecting with each other in the
plane 1m}" versus 0, as shown in Fig. 8. Two

eigenvalue branches }.,~ = in(1 + cO) and

}.,~ = im(1 + 50) , where s, 5 =± , intersect each other

at 0 =O:~

s n-m
(42) O~~ = ---­

m5-ns

and originate the double eigenvalue

(43) }.,"o = inm(5 -s)
rnn m5 -ns '

which has two linearly independent eigenfunctions

u: = cos(ntp) - sisin(ntp),
(44) u: = cos(mtp)-5isin(mtp).

The nodes (42), (43) of the spectral mesh of the rotating
circular string in the absence of the external loading are
marked by white dots in Fig. 8. At 0 = 0 the spectrum
of the non-rotating string consists of the double semi­
simple purely imaginary eigenvalues in, n E Z . Each of
them splits into two simple purely imaginary eigenvalues
due to change in the angular velocity [7, 8, 13, 17]. At
0= ±1 all the eigenvalue branches cross the axis
1m}" = 0, see Fig. 8. In the following we will consider
the spectrum for the angular velocities from the
subcritical range 0 E (-1,1) .

Proceeding analogously to our investigation of a two­
dimensional system we study the splitting of the double
eigenvalues at the nodes of the spectral mesh caused
by the interaction of the rotating string with the external
loading system. For this purpose we use the
perturbation theory of multiple eigenvalues of non-self­
adjoint differential operators developed in [28, 33, 38].
According to this theory the perturbed eigenvalues are
expressed by the following asymptotic formula

while the quantities ;:~ are

(47) ;:~ =_l_((d}"~~ +k)u:(O)u~ (0) + f-lU~E (O)u~ (0)),
2N

where ~O =0 - O~~. Calculating the integrals and

taking into account expressions (43) and (44), we o,btain

(
.m-8m An .m-n

Cd
'1&O 7) S-D J2

C = l ti~.!: +l-- /l.nrn + Ie +--JL
(49) 2 8Jl11Zn . 8n-

CdA~~ +k-imJL)CdA~~ +k-i8mJL)

16n-2nm

According to the experimental data the frequency of
sound emitted by a singing wine glass and a squealing
laboratory brake at low spins is close to a double
eigenfrequency of the non-rotating bodies [19, 23, 34,
39, 40, 41]. For this reason we study first the influence of
external stiffness, -'damping, and friction on the
deformation of the spectral mesh near the nodes
corresponding to 0 = O. Note, however, that the
formulae (48) and (49) describe the deformation of the
spectral mesh in the vicinity of arbitrary node.

Taking into account that m =nand s =-5 for the

double eigenvalues }.,~~ at 0 = 0, we find from (48)

and (49) the expressions, describing splitting of the
double eigenvalue in due to action of gyroscopic forces
and an external spring



The branches of the hyperbola (50) intersect the axis
n = 0 at the values A = n and A = n + k 1(21l11.) in the

plane ImA versus n, see Fig. 9(a). The gap between
the branches decreases with the increase of the number
n of a mode. The lower branch passes through the
point corresponding to the node of the spectral mesh of
the non-perturbed gyroscopic system, which agrees with
the numerical results of [7, 13]. Remember that in case
of two-dimensional systems the reason for such a
degenerate behavior is a zero eigenvalue in the matrix
K of external potential forces.

Analogously, from (48) and (49) the asymptotic formula
follows describing the splitting of the double eigenvalue
in at n = 0 due to perturbation by the gyroscopic
forces and an external damper

. d d 2
2 2

(51) A=zn--± ---n n
4JZ' 16JZ'2

The real parts of the eigenvalues as functions of n
originate a bubble of instability in the plane (Re A ,n )

The ellipse (52) is submerged under the plane
Re A = 0 in the space (n, ImA, Re A) so that it
touches the plane at the origin, as shown in Fig. 9(b).
The ellipse (52) is connected with the branches of the
hyperbola of complex eigenvalues

The external damper creates a latent source of local
subcritical flutter instability exactly as it happens in two
dimensions when the matrix of dissipative forces D is
semi-definite, Le. when it has one zero eigenvalue. The
range of change of the gyroscopic parameter
corresponding to the latent instability is located
compactly around the origin and decreases with the
increase in n.

The deformation of the spectral mesh near the double
eigenvalue in at n =0 due to combined action of
gyroscopic forces and external friction is described by
the expression, following from (48) and (49)

(54) A = in ± (inn + 4:)2 __Jl_
2

_
,. 16JZ'2 .

The imaginary parts of the eigenvalues (54) are

They cross at the node (0, n), as in the non-perturbed

case. However, the crossing is degenerate because the
eigenvalue branches touch each other at the node, see
Fig. 9(c). Expanding expression (55) in the vicinity of
n = 0 we find that

(56) ImA=n±-l~1l11.Jllnl+O(n3/2).
2JZ'

Clearly, at n = 0 the imaginary parts do not split due to
non-conservative perturbation from the eyelet. For
n ~ 00 the imaginary parts asymptotically tend to
n(1 ± n). By this reason for small perturbations the

spectral mesh in the plane (lmA, n) looks non­
deformed at the first glance.

The real parts of the eigenvalues (55) are

The crossing of the real parts at n = 0 is degenerate
Fig. 9(c), which is confirmed by the expression

(58) ReA = ±-l-~1l11.JlI n 1+ O(n3
/
2).

2JZ'

For n ~ 00 the real parts (57) follow the asymptotic
law

3

(59) ReA=±£=t ~? ?+o(n-2
).

4JZ' 128JZ' n-n-
As is also seen in Fig. 9(c), the real parts almost always
are close to the lines ± JlI(4JZ'), except for the vicinity
of the node of the spectral mesh, where the real parts
rapidly tend to zero. This behavior agrees with the .
results of numerical cplculations of [13]. We see that the
double semi-simple eigenvalue in does not split due to
variation of only the parameter of non-conservative
positional forces Jl. In the two-dimensional case this

would correspond to the degenerate matrix N,
det N = 0 '. Since N is skew-symmetric, the
degeneracy means N == 0, Le. the absence of non­
conservative perturbation. In case of more then two
degrees of freedom the degeneracy of the operator of
non-conservative positional forces leads to the cuspidal
deviation of the generic splitting picture, see Fig. 9(c).
Hence, the source of perturbation of the rotating string
concentrated at one point leads to the deformation of its
spectral mesh, which is similar to that caused by the
semi-definite matrices of conservative, dissipative and
non-conservative forces in the two-dimensional case.



CONCLUSION: DISC BRAKE AS A MUSICAL
INSTRUMENT

Comparing the generic results obtained in the two­
dimensional case with that of the study of the rotating
string we have shown that the widely employed concept
of a point-wise contact leads to the semi-definite non­
generic perturbation operators which suppress generic
instability mechanism causing squeal. The further
progress i':l the squeal simulation seems to significantly
depend on creation of the models of distributed contact
that do not allow for such a degeneration.

It is known that dissipative and non-conservative forces
may influence the stability in a non-intuitive manner [5,
11, 25, 27, 36, 37, 45]. We have shown that the former
create the latent local sources of instability around the
nodes of the spectral mesh (bubbles of instability), while
the latter activate these sources by inflating and
destructing the bubbles. It turns out that the eigenvalues
of the damping matrix control the development of
instability. For better stability both of them should be
positive and stay far from zero. If one of the eigenvalues
of the damping matrix is close to zero or becomes
negative, the instability can occur with the weaker non­
conservative positional forces or even without them.

With the use of the perturbation theory of multiple
eigenvalues. we have obtained explicit formulas
describing the deformation of the spectral mesh by
dissipative and non-conservative perturbations. The
trajectories of eigenvalues are analytically described and
classified. The approximations of the domain of
asymptotic stability are obtained with the use of the
derivatives of the operator and the eigenvectors of the
double eigenvalues calculated at the nodes of the
spectral mesh. Singularities of the stability boundary of a
new type were found and their role in the development of
instability was clarified. The theory developed seems to
be the first analytical description of the basic mechanism
of friction-induced instabilities in rotating elastic bodies
of revolution.

among which are the glass harmonica and the disc of a
brake, is formed by the nodes of the spectral mesh,
corresponding to angular velocities in the. subcritical
range. The frictional contact is the source of dissipative
and non-conservative forces, which make the system
unstable in the vicinity of the nodes and force a rotating
structure to vibrate at a frequency close to the double
frequency of the node and at the angular velocity close
to that of the node. These conclusions agree with the
results of recent experiments with the laboratory brake
[39, 40, 41]. A particular frequency is selected by the
speed of rotation and the loading conditions, including
such parameters as the size of the friction pads and their
placement with respect to the disc.
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Zero eigenvalues of the damping operator encourage
the activation of the latent bubble of instability, while the
zero eigenvalue of the operator of non-conservative
positional forces suppresses this process. To get local
subcritical flutter instability, described in the previous
sections for the finite-dimensional model, the operators
of dissipative and non-conservative perturbations must
be generic, which excludes their semi-definiteness. One
of the ways to avoid this degeneracy is to consider not
pointwise [26] but distributed contact with the dissipative,
stiffness, and friction characteristics depending on the
material coordinates. A step in this direction is taken in
[46], where a model of distributed pads was developed.
For simplicity, in [46] the characteristics of the pins
constituting the pads were assumed not depending on
the coordinates, which caused the same semi-definite
degeneracy. This could be a reflection of the so-called
Herrmann-Smith paradox of a beam resting on a
Winkler-type elastic foundation and loaded by a follower
force [22]. The degeneracy in the Herrmann-Smith
problem is removed by assuming a non-uniform
modulus of elasticity. Similar modification of the model of
the distributed brake pads could give generic
perturbation operators so that the modeling of the disk
brake squeal will catch its most significant features.

'''''

Figure 9. Deformation of the spectral mesh of the rotating
string near the nodes (0,3), (0,2), and (0,1) caused by the
action of the external spring with k=0.3 (a), a damper with d=O.3
(b), and friction with f..l =0.3 (c).

As we already mentioned, the principle of activating
sound by friction is the same for a wine glass, a disc
brake, and the glass harmonica. The latter is an ancient
musical instrument for which the famous "Dance of the
Sugar Plum Fairy" in the first edition of "The Nutcracker"
ballet was composed by P.1. Tchaikowsky in 1891 [47].

The results obtained in the present paper show that the
"keyboard" of the rotating elastic bodies of revolution,
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